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I. “INTRODUCTION : -

The singularity  expansion method (SEM) has received .
considerable attention by workers in the EMP community. This
report does not address the applications of the method to EMP
system effects, rather we elaborate on the contribution of SEM

to an increased understanding of basic scattering theory.

One of the major objectives of this report is to demon-
strate how SEM is connected to general scattering concepts =
developed by workers in other communities. This objective
avolved as a result of our having demonstrated that important
theoretical SEM results developed for electromagnetic
scattering were obtainable for scalar (acoustic} scattering.
Qur purpcse in establishing scalar SEM was to have the
benefit of dealing with scalar scattering to address some of
the open questions that exist for electromagnetic SEM. Some.
of the scalar results that we obtained do not appear in. the

scalar related literature we utilized, and may be new.

In addition to our scalar SEM results as well as the
connection to related theories, this report presents results
.from £wo separate and distinct SEM studies, both dealing
 specifically with electromagnetic SEM. One study was an
examination of the relationship betweén class 1 and class 2
coupling coefficients, and'ﬁhe other study was a demonstration
of the sensitivity of SEM'pole location values as a function

of the numerical procedure used to obtain them.

In a previous work (Ref. l) we showed that class 2
coupling coefficients yielded results that were in conflict
with the known sphere sclution. Déspite this, it seemed_ _
class 2 coupling coefficients might still be of some use_if'
they were viewed as wrong in principle but possibly a good

approximation in practice. With this as the motivation for




further study, we obtained the following results. First, we o
showed that after a time which is the sum of the transit time <;/
across an obstacle of an incident plane wave pulse, plus the

time corresponding to its pulse width, class 1 and class 2

coupling coefficients yield the same result. Second, for the

case where the incident field was a step function, and conse-

quently had an infinite pulse width, we showed that class 1l

coupling coefficients yield the correct late time magneto-

static solution while class 2 coupling coefficients do not.

These coupling coefficient efforts are presented in Appendix D

and Appendix E.

We now return to our scalar SEM investigation and describe
it in more detail. It is our view that scalar SEM theory
would be comparably established relative to electromagnetic
SEM if the scalar SEM eguivalent of the following electro-
magnetic SEM results could be obtained: (1)} a demonstration.

that the basic concept works for a special case; the work of

T

Baum (Ref. 2), which initiated electromagnetic SEM accom-

plished this for the perfectly conducting sphere scattering
problem; (2) the establishment of the meromorphic nature of

. the scattering solution; (3) the establishment of the relation-
ship between SEM and eigenmode expansion method (EEM) solutions
in order to obtain explicit relations for coupling coefficients:
(4) a demonstration that the EEM-derived solution works for a '
particular case; and (5) the establishment that cavity SEM

pole locations do not cause nonphysical results for the external
scattering problem. Results (2), (3), and (5) appear in the work
of Marin and Latham (Ref. 3). Later Baum elaborated on the
relationship between EEM and SEM in Reference 4 and obtained
expressions that had a wider use. In Reference 1, we established
result (4) and in addition we further clarified the relationship
of cavity SEM pole locations with external scattering results.

Tn that work we also presented a more useful form of EEM solutions

than had previously existed. Much of the remaining literature
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concerning electromagnetic SEM deals with numerical calcul-

ations for special cases.

In this report we emphasize the scalar scattering problem f
in which Neumann boundary conditions are imposed on the surface
of the scatterer. . We choose to deal with this scattering
problem because it directly leads to a scalar integral equation '
that is the analogue of the equation that provided the basis
for the theoretical investigations contained in Reference 3,
i.e., the magnetic field integral equation (MFIE). As will be
explained shortly, even though we emphasize the Neumann problem,
the structure of scalar SEM will force us also to treat the

scalar Dirichlet scattering problem in some detail.

“Utilizing both the Neumann and Dirichlet scalar integral
equations; we establish the scalar equivalent of results (1),
(3), (4), and (5) within the body of the text. Concerning
result (2), the meromorphic character of the scalar scattering
solution; the literature dealing with scalar scattering treats
this feature of the solution as a foregone conclusion. A
procedure to.obtain_this result is to use a theofem histori-
cally described in the very informativé review article by
Dolph and.Scott (Ref. 5) and:ultimately attributed to Steinberg.
It is well known that the scalar integral equation we derive
conforms tc the Steinberg conditions which in turn guarantees

the desired meromorphic properties.

Before leaving this topic, it is appropriate to describe
some of the work in more detail. To provide a demonstration
that scalar SEM exists for a particular problem, we considered
a plane wave incident on a sphercoid which then included the '
sphere as a special case.. For the reasons previously diécussed,
we consider the case where Neumann'boundary conditions are
satisfied on the surface of'the spheroid. We show that the

solution obtained by the EEM is the same as the standard




solution one obtains by separation of variables. We then
specialize this solution for the case where the spheroid
becomes a SPhere. We rewrite this scalar sphere solution in
a manner which exhibits all of the SEM properties that Baum
showed for the electromagnetic sphere problem in Reference 2.
Having done this, we were immediately in a position to
increase our knowledge as a result of treating the scalar
problem. The only analytic solution for scattering from é'
finite object that it is possible to examine in the electro-
magnetic case is the sclution for the sphere. For the sphere,
we find that the eigenmodes do not depend on frequency. The
scalar sphere EEM golution also has this property; however,

the scalar spheroid eigenmodes deo depend on frequency.

The spheroid EEM solution provided information in another
related area. Conditions are given by Ramm in his very
informative review article (Ref. 6) that can readily be inter-
preted to be a set of sufficient conditions for the EEM
solution to our scalar integral eqguation to be meaningful.
Ramm presents enough detail in that article for us to conclude
that we would not meet the described sufficient conditions
unless our scalar integral operator is normal. We are able to
show that this is the case when the scatterer is the sphere,
but we were unable to show this when the object was the
spheroid. For the spheroid we show that the integral cperator
is complex symmetric and, despite this, the EEM solution is

shown to be the standard separation of variables solution.

An aspect of the scalar EEM solution worth noting is the
scalar pseuddsymmetric analcogue of the electromagnetic
pseudosymmetric theory presented in Réference 1. We show that
the set of eigenvalues for the Neumann integral operator for
the external scattering problem is the same set of eigenvalﬁes

one obtains for the Dirichlet integral operator for the

T
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- interior scattering problem. This set equality implies the

existence of purely imaginary zeros of the exterior Neumann
eigenvalues. Just as in electromagnetic SEM, these extraneous
zeros must be shown not to contribute to the resulting scalar
SEM expansion and we provide this demonstration.

We now present a more detailed description of how we
relate scalar SEM to general scattering concepts that

workers in other communities have developed. In particular,

 we will connect SEM to a theory of scattering developed by

Lax and Phillips (Refs. 7 and 8). This theory deals with
solutions valid over a volume as opposed to solutions on a
surface and it still has the satisfying gquality that it leads
one to view the internal scattering (cavity) problem and the

external scattering problem in a manner that exhibits

considerable uniformity. A connection to the Lax-Phillips
theory acts as a connection to a chain of theories as effort.
on their part was made to connect to other prominent ‘
scattering theories and effort on the part of workers outside
the EMP community was made to connect to the Lax-~Phillips
theory.

OQur introduction to the Lax~-Phillips theory came from
reading the review article by Dolph and Scott {(Ref. 5). This
informative article not only summarized important features
0of the Lax-Phillips theory but connected that theory to other
theories; however; it only minimally mentioned SEM. We
were motivated to pursue the connection because we had been
speculating on the insights into SEM one could obtain if a
theory such as that of Lax-Phillips existed. Lax and Phillips
as well as Dolph and Scott, made special effort to relate to
an appreoach that has been much studied in quantum mechanical

scattering. This approach utilizes the concept of a scattering




operator and the S-matrix. Another work that makes a connec-
tion between the S-matrix approach and the Lax-Phillips theory
is the book by Nussenzveig (Ref. 9). This book contains
detailed material concerning applications of the S-matrix
approach and presents a general review of other efforts where
it has been utilized.

This report demonstrates that scalar SEM theory, based on
the EEM expansion, is related to the Lax-Phillips theory. 1In
particular, we prove that the set of complex eigenvalues that
play a central role in the Lax-Phillips theory is exactly the
same set as the one consisting of the (nonextraneous} zeros
of the eigenvalues of the surface integral eguation with the
latter set being the SEM pole locations. At this point, one

of the noteworthy connections between Lax-Phillips theory and

S-matrix theory is that the complex eigenvalues have been shown

to be in one-to-one correspondence with the poles of the
S-matrix. We have now established that SEM pole locations are
in one-to-one correspondence with these S-matrix poles.
Another important feature of the Lax-Phillips theory is an
asymptotic expansion (valid for late times) that has as its
only time dependence, exponential functions having an arcument
that is the product of the complex eigenvalues and the time
variable. The set equality we proved concerning the complex
eigenvalues and SEM pole locations, aé well as the form of the
SEM expansion, allow us to conclude a term-by-term equality

of the two expansions. This conclusion is based on the
argument that the common time functions employed in both

expansions are linearly independent functions.

The connection between the Lax-Phillips theory and scalar
SEM based on the EEM approach benefits both efforts. The

Lax-Phillips approach has a more advanced theoretical founda-

tion. As an example of this, some conditions have been
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established on the shape of scattering surfaces to which this
theory can be applied. . This information had not yet been .
determined by the SEM/EEM approach. . In addition, quantative.
and qualitative estimating techniques have been developed for
the complex eigenvalues. Finally, as has already been |
discussed, the Lax-Phillips theory has been connected to other

- scattering theories. The SEM/EEM approach contributes to the

scattering problem by providing explicit expressions for the
expansion coefficients and these expansion coefficients, as
well as SEM pole locations, have been numerically determined
by workers in the EMP community. More generally, workers

in the EMP community have developed the capability to numer-
ically obtain SEM solutions for scattering shapes that are
beyOnd analytic treatment.

A generalization of the arguments presented for the scalar
case may readily be possible for the electromagnetic case
since the Lax-Phillips theory has been extended to electro-
magnetic scattering (Ref. 10). We would be inclined to
continue focusing attention on scalar SEM because of the
untapped information contained in the explicit analytic scalar
golutions, the analogue of which does not exist for electro-
magﬁetic scattering. We certainly have not exhausted the

information in the spheroid scolution presented in this report.

Finally, we describe a result that we were able to obtain
due to the fact that we have made the described connection
between scalar SEM and Lax-Phillips theory. We were able to
obtain a formal proof that the SEM poles are simple, and this
has long been identified as an open question by workers in
the EMP community. This formal proof is totally constructive
in nature and such a proof can alternately be thought of as
providing a sufficient set of conditions for the desired

conclusion. The sufficient condition nature of the proof is

11




implidit'in'that certain formal manipulations are assumed
valid - and that the sufficient conditions are those implied to

make the manipulations valid. For the case of the sphere,

we have verified that these manipulations are valid.
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ITI. A SCALAR THEORY OF THE SINGULARITY
EXPANSION METHOD

The presentation of the material in this section is facil-

itated by referring to Figure 1.

~Figure 1. Separation of space into an interioxr
and exterior region.

In this figure we introduce a surface, S, that separates
all of space into an interior region, VI’ and an exterior

région, Vi At this point S is just a mathematically con-

structed surface; however, as this presentation proceeds, S

| will correspond to a physical surface on which boundary con-

ditions are satisfied and it will also have shape requirements
placed on it. Also in Figure 1 are sources denoted fE and fI’
which are nonzero on finite volumes VE and Vi contained within
V., and V.. We are interested in finding solutions to the

B I
scalar wave equation in each region, which is given by

2
37¢ (xr,t) .
2 1 o -
v (r.t) - —_—ee = £ (r,t) (1)
o cz at2 o~

13




where

o = E,I for rev, or reVv

E I

Employing the Laplace transform with the convention

£(s) = f f(t)e_St at . (2a)
_ 1 = st
f(t) = ‘z-ﬁ—i- ér f(s)e ds (Zb)

. § .
where Br indicates an appropriate Bromwich path, we obtain

(72 =) (v = (2,1 (3)

where v = s/c. In the remaining portion of this section we
will omit the =~ notation. We now introduce the Green's

function satisfyving the equation

(v - %) G(r,x',v) = =6(r - £') (a)

which is given by

ylr-z'] o
e _— ~ | (5)

amlr-x'|

Glr,r',y) =

This Green's function is used in conjunction with the identity

v+ [GUo_ -6 VGl = sz% - %VZG (6)

?

14
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Substituting Eguations (3) and (4) into Equatidn (6) and
integrating over vV, we have

f 7.6V, -6 TGl AV = o_(') +Q (z)) (D)
v, | _
where
Q, (") = fu(g) G(x,z',y)dv (8)
vE
o

At this point we make a distinction between the cases a = E,I.
In particular; we wish to apply the divergence theorem to the
left-hand side of Equation (7). In order to do this, it is

‘necessary to identify the surfaces bounding the volume over

which the integration occurs. For the integration over VI'
the bounding surface is S and we have

f v o+ [GT¢ - 9,7G1AV = f ng + [GVo, - $,VG1dS (9)
v _ S

I .

For the integration over VE’ we‘identify the bounding surface

as being S as well as a spherical surface that has a radius
approaching infinity. We now have

7. [GVo_ - 0. VG]AV = fﬁ . [GV¢_ - 4_7G1dAS + I (10)
/;E E- g g E E-E L

where

I 2 .
I, = iiﬂ J[ar [G79g - 95VGIr" sinb d6dé (11)

15




with 8, ¢, and r being spherical coordinafee defined in a
coordinate system having its origin at some finite distance
from S. At this point we will consider that the surface S
is the physical surface corresponding to a hard acoustic
scatterer so that ¢I and ¢E satisfy the Neumann boundary
conditions on S. That is,

n-*v = == % 0 ' o (12)

In addition, ¢ (r), in the terminology of Reference 7, must
satisfy the “Y*outhLng condition, which is expressed as .

o) ~ K(g,0)x 2YE . (13)

for large r. For a y-outgoing solution for ¢E one can show
that

—ny

+ [GV6y - 0 7G] ~ F(r,r',Y)e (14)
for large r and further thet F'is such that
£im rzF(g,g',Y)e-ZYr =0 {15)
¥ e
for
Rey =2 0 (16}

16




‘The significance 0f Equation (16) is that it defines the
region for a Bromwich path that in turn allows us to conclude
that |

1. =0 | oan

It is worth noting that the specification of a region for the
" Bromwich path has always been inherent in the more usual
Fourier treatment of the wave equation. The Sommerfeld radi-
ation condition is satisfied if Equation (16) is satisfiedl as
can be seen by making the substitution |

¥ o= =ik (18)

This substitution is consistent with the Fourier transform

convention
Flw) = J("f(t)elwt at ' (192)
CE() = %%_/ﬂ E(@)e_lMt'dm." | (19b)

Br

Both:Equations (14) and (15) are valid under this substitution
and, accordingly; the région for the Bromwich path which allows

I t6 vanish is

Jmk =z 0 ‘ : : (20)

For Y or k restricted to the identified regions so that IL = 0,
utilizing the Neumann boundary conditions expressed in
Eguation (12), and changing the notation so that the roles of
r and r' are interchanged, we combine Equations (7), (9),

(10) . and (l17) to obtain

17




'%(":_:,)'f_[s'- (A, (z') * V'G(r,z) 10, (r )ds' = -0 (»  (21)

Equations (8) and (21) are sufficient to give Qa(g)
meaning without any explicit evaluation of integrals. From
Equation (8) we see that Qa(g) ig independent of the presence
of the surface S8, so by letting the surface integral in
Equation (20) wvanish, we conclude that = . - '

-Q, (x) = ¢, (x) o : (22)
where ¢;nc(£) is the field radiated by the sources without the
surface being present.  Substituting Egquation (22) into
Equation (21} yields

A"

o, (r,) + L [Bo(z') » V'Glr,,x' ) o, (r)ds" = 832z ) (23)

and we have changed the notation, temporarily replacing r by
I, ln order to emphasize that Equation (23} was derlved

with r ranging over the volume V_ . We will reserve the
notion r to represent an observation point on the surface S.
Next we consider the limit as r approaches the surface, i.e.,
r, in both the left- and right-hand sides of Equation (23).
Both ¢ (r,) and ¢lnc(r )
limit is taken for values of Ly in the appropriate V so that

are contlnuous functions as this

we need only consider

I = Lim fs (a (z") - v'G(gv,_r,')-l'%(_r_'_)ds- (24)

r -

18
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The limit described in Equation (24) is a frequently treated
limit and our major focus in this report is to present a
simple bookkeeping scheme to identify critical plus and minus
signs without addressing the subtleties of this limit. Refer-
ring to Figure 1 we see that the sign of the dot product of
the vectors r -r' and ﬁa(g'} is the same when r eV, whether
@ =E or a =1I. It is the sign of this dot product that
determines the sign multiplyingfthe term %wh{g) which is part
of the expression that will be used to describe the limit.
Slnce the sign of the dot product is independent of the choice
for o, the sign multiplying the 5 ¢ (r) term in the resulting
expression is also independent of the choice for a. Using
this information we have

I, = - %'¢a‘£"f‘]£'f5a‘£" L V'G(z,r') 10, (£")dS" | (25)

and we see that the common sign is a negative sign. We also
note that the‘factor'% is appropriate only if r does not

correspond to a pathologlcal point on the surface, e. g.,'é“*‘
. tip or an edge. We now introduce the notation ' ‘

n(z') = np(z') = -nglr') (26)
R CURLLEED (27)
3G 1
K ¢(r) = d/~ Sov ¢(rhas (28)
S

Combining Equations (23) through (28), we have




. .¢‘ . S (29)
26" = o 0

where
'-Lg = 3-K - | _'.(.31)
P =1 - E (’32')'

In Equations (29) through (32) we have.intrqduced the Subscfipt
“s" to the operator L, in order to indicate that we are treat-
ing the scalar scattering problem. The reason for this addi-
tional notation is that we are now in a position to make an
important distinction between the scalar scattering problem

and the vector scattering problem.

From Reference 1, we see that the vector perfect conductor
scattering problem treated by the MFIE has a genéric-represéﬁ—
tation that is equivalent to Equations (29) and (30). It is

given by
E _ <inc
Lydg = Ig ‘ (33)
and
rly. = gine (34)
V-1 —I
I _ _ .E
Ly = 1 LV (35)

The point we wish to make is independent of the specific
representation of L% and we refer the reader to Reference 1

20




if 'he is interested. 1In Equatlons (33) and (34) the

guantities JE’ 21' g;nc, and J BC nave analogous meanings
to ¢p,s Pyrv ¢Enc' nd ¢1nc. If we consider that the same.

surface depicted in Flgure l_Was,perfectly conducting and
£

fp and £, then we can describe the electromagnetic guan-

B and fI were replaced by electromagnetic rigid sources,

tities as follows. The guantity gElis'the total current
density induced on the exterior of the surface that had as
its prime excitation f and Jlnc is a current density that
would be excited by § at the same mathematlcal points
describing the scattering surface; however, the physical
surface is considered to be removed. The guantity Jr is

the total current density induced on the interior of the
surface by Jlnc , which again is the current density exc1ted
by EI cn the mathematlcal surface S, but the physical surface
igs considered to be removed. We will shortly present essen-
tial details of an eigenmode solution to Equation (31) as we

present eigenmode solutions to the scalar scattering problem.

We now consider the scalar eigenvalue eqguation
b o =E, I -~ (36)

and in Appendix A we define an inner product between two
functions £ and g and introduce the standard notation to rep-
resent this inner product, i.e., (f£,g). This inner product
is used in the determination of the adjoint operator LE+
which is also presented in Appendix A. The eigenmode expan—
sion method (EEM) solution to Equation (36) is expressed in
terms of the eigenmodes_¢i and eigenvalues ki's satisfying
Equation (36), as well as the eigenmodes satisfying the

adjoint equation

21




ot at _ a,é* at | S,
Lo¢, =27 ¢ . ¢ =E I -~ - (37)

The corresponding EEM solutions are

o Et B " -
¢E _ (¢n ’¢inc) ¢E e : _
= E. s n _ {38)
' n=1 An '
ot I+ T . :
I _ . (¢n '¢inc) I o o |
n=1 ‘M : ' '

Using results from Reference 1, we see that the EEHM
solution to Equation (31) is

J., .
E _ {*ﬂ'—lHC} E . .
J - z: N En_ § (40)
n=1 n

where the guantity {ii’ginc} is a pseudo-inner product which

is defined in Reference 1 and its explicit representation is
not required for us to make our desired point. The eigen-

mode gﬁ and eigenvalue AE’V satisfy the equation
EE _ ,E,v E
Lodn = *n In (41)

Where LE is defined in Reference 1. A feature that makes

the connection between scalar and vector EEM as Well as SEM
more dramatic, is the scalar analogue of the vector pseudo-
symmetric theory, presented in Reference 1. 1In order to make
the analogue, we retrieve essential results from Reference 1.

First we introduce the vector interior equation given by

22
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v, I
V—n J
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To make the desired point we present the equation satisfied by
the iﬁ which appeared in the pseudo-inner product contained in
the EEM solution given by Equation (40). The equation satis-

fied by this guantity was obtained from adjointnesé considera-
tions that are presented in detail in Reference 1. Retrieving

the desired equation from that reference, we have

J (43)

pE) - (2}

For the scalar case, there is also a connection between
the interior and exterior eigenvalues that appears to be fun-
damentally different. However, viewing the SEM consequences
of the relationship, shows that it is, in fact, fundamentally
the same. In Appendix B, we present the details to support
the following statements. First, we cite the surface eigen-

value equation for the interior Dirichlet proklem. It is
L o_ = A of (45)

where o is defined in Appendix B, the superscript D is
affixed to the eigenvalue to indicate Dirichlet boundary
conditions, and the crucial point is that the Lﬁ+ turns out
to be the adioint of the Neumann exterior integral operator.
Comparing the complex conjugate of this equation with
Eguation (37), we conclude the set equality

23
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preey - (e} e O

«hich states that the set of exterior Neumann surface eigen-
values is the same set as the set of interior Dirichlet
surface eigenvalues. In addition, we conclude that the set
of exterior adjoint Neumann eigenfunctions are the'complek
conjugate of the set of interior Dirichlet eigenfunctions.
That is, -

) -2

Using this result we can write Equation (38) in a manner
analogous to Equation (40) as follows:

SR
E _ n'®inc E
v = E/S ¥n | (48) =
n=1 n o
where
{ ,oF }=( N ) ='(¢E*,¢E ) o - (49)
inc inc n inc : _

The SEM conseguences of the analogous relations;.
Equations (40) and (48), will now be discussed. First we
express the following relations in a form that exhibits a
desired amount of uniformity. Equations (38), (39), (40},

- and (48) can be written as

— N3 (s) |
Y%(S) = EE: A&7 a8 YBn( s) g

n=1 n

s, o
v, o

Hou

(50)

E,I
E




NG(s) = (on (e) 0G0 00) (51a)
E _ §=E _ '
No(s) = {gn(S)rginc(S)} . | - (51b)
M) = fole.ef @f (5l
¢ (s) = 6%(s) o (s14)
Yonl(s) = o (s - (514)
ya(s) = ¢%(s) o ~ (51e)
E ., _ E . o
yo () = 3E(s) s
yo(s) = 3°(s) - (51q)

The argument s is the Laplace transform variable While the
subscript s indicates scalar. We arrive at the desired

SEM related residue series by taking the inverse of that
equation using the Laplace transform convention presented in
Equation (2). From independent analyses as discussed in the
Introduction, we know that yg(s) is a meromorphic function of
s and from additional arguments we can confine the poles of
yg(s) to the left-half s plane with the presence or absence
of poles lying on the imaginary axis requiring special atten-
tion. The argument that there are no right-half plane poles
is related to causality. It is argued that the Bromwich path
can be closed by increasingly large right-half plane semi-

st over these

circles and further that the integral of yg(s)e
semicircles vanishes for all t less than the time when the

scattering object is initially struck by an incident field.

25




This allows us to close the Bromw1ch path to the right for
these values of time. Because of causality, we do not wish to
enclose any poles since they would yield residue contributions
to the inverse transform for nonphysically interpretable
values of time. There is a connection between céusality and
the radiation condition in that the radiation condition
arguments led to the specification that the Bromwich path lie
to the right of the singularities, thus making the zero
residue response possible.

We now employ analytic continuation and close the Bromwich
path to the left for a range of positive times. The results
for this case are formal in that we will simply make any
mathematical assumption reguired to obtain the results desired.
If we proceed along this line, a question arises as to the
utility of our results. In a subsequent section we will make
some of these results rigorous, and in addition we will explain
how these results are consistent with those obtained by anal-
yses which did not make these assumptions. These results will
also be shown to be in agreement with a known sphere SOIution.
To obtaln the deSLred form, we look for the totality of the

zeros of the ‘eigenvalues A 'B(s) and we denote an arbitrary
Zero as san§ = where
a: ,T - - - ‘
3\2 E"’(S?mB ) =0 n'=1,2,..., Nnin) (52)

and the superscrlpt T is used to lndlcate totallty. "As _
a result of Equation (44) for the vector case and Equation (46,
for the scalar case, we expect a decomposition of the total

set of zeros as follows
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t,8,T o o8B _arBrEX S
{Snn' } T {snn'}"u {snn' } (53)
a,B

The zeros St are the significant zeros and the zeros having
the superscript EX attached are the extraneous zeros. For

the exterior problem, the.significant Zaros are.the ones having
a negative iméginary part and the extraneous ones are purely
imaginary. For the lnterlor problem, the 51qn1flcant ones are.
purely imaginary and the extraneous ones are in the left-half
plane. Equations (44) and (46) demonstrate the existence of
the:extraneous zeros for the exterior problem because we know
that the interior surface eigenvalue contained in each of
these equations has purely imaginary zeros. The value of the -
pseudosymmetric argument presented in Reference 1 and in
Appendix B 1s to - eliminate nonphyéical residue results due

to the extraneous zeros fof the extérioriprobiem. More

specifically, in Reference 1 it is showh that

{nE(sEr Y EX)} =0 C(54)

and in Appendix B, we show that
s'°nn

Assuming that the significant zero is simple, we wrlte the _ ,
residue arising in the inverse Laplace transform correspondlng

sa'Bt
to the significant zero sié? as a’’ ?ygnﬁ (rie ™ where -
a, 0,8
o8 __g'Snnt) (56)
nn'

A'Q’B(SQ,B
n nn'

27




o
ann

| P (s)
Mo nn' ds = 0B

Using these residues, we write the response as

yg(;,t) = sg(g_,t) + Rg(l:_,t) o (39)
where
E @ N(n) ' ' : S :
s*(xr,t) = z E %8S (p) sié?t - (60)
ptEet! T @ a'Yennt (B€ :
n=l n'=s : '

and RB(r t) is just the remalnlng function needed to augment
the sum S (r,t) in order to represent yB(r ,t). The real
assumptlon is that SB(r ,t) converges in some meaningful sense
and then it also dominates RB(E,t). By comparing the surface
approach used in the EMP community to the volume approach

used by workers outisde of that community (Ref. 8), we can
infer that S (r,t) does have the desired property. Finally,

we note that an alternate form for the gcalar expansion, one
that bears a closer resemblance to the more prominent electro-

magnetic SEM expansion, is presented in Appendix C.
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@ =yd %ho (6]

|G,B(SGIB) = n : o - (58)
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III. BACKGROUND MATERIAL FOR THE CONNECTION
TO THE LAX-PHILLIPS THEORY

'To facilitate the desired connection between the theory
just presented and the Lax—Phillips theory which is a volume
approach, we introduce the volume eigenvalue equations for .
both the interior and exterior scalar scattering problems

X i i _
an’ ®oan = © a =E,I _ (61)

2
(V" -Y an

For the interior problem, o I, the boundary condition

=0 : (62)

on the surface as well as certain volume behavior reguire-
ments, e.g., requirements which force us to reject the explicit
solutions obtainable for separable coordinates that become
unbounded, are known to lead to denumerable sets of eigen-
functions {¢; } and {y; }. Furthermore, for the eigenfunction

‘equation convention used in Equation (61), it is also known

that the YIn's are purely imaginary and occur in complex con-
jugate pairs. To clarify this and to provide a point of |

reference for a subsequent discussion, we note that the more

common form of the interior eigenvalue equation is

2 2 B |
(V5 + kIn)¢1n =0 | (63)

which, when the same boundary conditions and volume behavior
requirements'are imposed, it is known to lead to a discrete
set of eigenfunctions and eigenvalues with the further result

that the kIn's lie on the real axis.
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Returning to Equation (61), we considér the exterior
scattering probiem. The . fact that, subject to'appropriate
boundary conditions, there exists only a denumerable set of
eigenfunctions and eigenvalues is not as well known to be the
case for the exterior problem as it is for the interior
problem. . The boundary conditions that lead to these denu-

, L.
merable sets are 3ﬁn = 0 on the surface the the y-outgoing

condition expressed as

-1 “YgnT
¢En ~ Kn(8,¢)r e (64)

for large r. As discussed in Reference 8, we also have the

additional information that

_Reyﬁ <0 | (65)

The reguirement on the shape of the scatterer is an issue
that has received attention. Many of the cited properties have
been proved when the object is star shaped, i.e., a point
within'the‘Object can be found from which a straight line can
be drawn that connects this point to any other point within
the volume bounded by the surface of scatterer. Star-shaped
surfaces include convex surfaces. There has been some work and
some conjecture concerning the applicability of the work to
surfaces described as confining or nenconfining (Ref. 8). It
should be noted that the predominant situation of an imperfectly
sealed enclosure, i.e., a finitely thick-walled enclosure con-

taining an aperture, is not a star-shaped surface.

We now restrict our attention to surfaces for which we
have the desired discrete spectrum for the exterior scattering

situation and utilize the identity
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Y [¢anVG GV¢an} = ¢anv G -GV ¢an ~ (66)

Substituting Equations (4) and (61) into Equeﬁion_(BG), we have

e o mme 1 .2
Ve l6,,VG -G 1 = (v on

2 : . o -
Yon! Pon® ~ S(x-r")¢ (§?)
First we consider thlS equatlon for the interior problem and
lntegrate both sides over the interior volume ‘and use the
divergence theorem as well as the boundary condition glven _
by Eguation (62) to obtain

. . ) . e = 22 f
¢, (E") +f n{r) - Ve(r,r') ¢  (x)ds = (v YIn')_[ o1 GdV
S o . VI
o _ . 68)
Inﬁerchanging the notation r and r' ‘and taking the limit as -

r approaches the surface, we have

. ] . o | . R
Ls¢In = (YIn-Y )Jg ¢InGdV (69)
- I

where Lg is defined by Equations (27), (28), (31), and (32).
We now rewrite Equations (36) and (69) emphasizing the Y

dependence. Equation (36), after changing the dummy index

to m, is
o a oL u,s o
Lo (Y oy (v,x), = A " (y)é (¥,x) (70)

and Egquation (69) is

l

5 _
~Y )T (Yryp,rX) (71)

I 2
LS(Y)¢In(£) Yig
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where

I:(YeYpprX) .=/‘; ¢In(£')G(le£-£'])dV' (72)

Rather than discuss the connection between SEM and the volume
approach at this stage, i.e., having only provided'material-
for the connection to the interior problem, we will obtain

an equation that has the same significance for the exterior
'scattering problem as does Equaﬁion (71) for the interior |
problem. | o o S '

To obtain the desired equation, we consider two mathemat=-
ical surfaces to be introduced in the exterior domain. One
is the smallest sphere that can circumscribe the scattering
object, and the other is a sphere whose radius we will allow
to approach infinity. Initially, we will not make use of the
smaller sphere and will integrate both sides of Equation (67)
over the volume, V, , which is bounded by the scatter}pg
object and the large sphere, denoted S_. , and having a radius

r. Performing this integration we obtain

¢p, (EY) +.j£ ﬁE(E)_'VG(EIE')¢En(£)dS

_ 2 2. B
= (" -vg,) f ¢p,Gav = I (73)
\%
E
whére
Ir = fim f a,* [GV¢En - qunVG}dS {(74)
r—+e Sr
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 Now the "y-outgoing” condition leads to conclusions analogous

to those'expressed'by Equations (14-16). That is, for large r

X o v : ”-(Y'PYEn)r' o
- - ~ ] . )
ay, * [6V¢p, = ¢ VGl ~ F (£,x',v,vg,)e | o (75)
where Fn is such that
. 2 _(Y+YEn)r
2im r Fn(E’EI’Y'YEn)e =0 (76)
r-ca - : - :
for
Re(Y-+YEn) =z 0 - (77a)
Recognizing the Reyp = _IReYEhI’ this condition becomes
Rey = [ReYEn[' (77b)

Since [ReYEnI is a nondecreasing function of n, we see that
the specification of the Bromwich path moves to the right as

n increases. Despite this, we can make the choice of the path
independent of n, at least for some time, by employing the
following argument. We can analytically continue any function
of vy that is of interest back to the line Rey = '3R9731| where
|Reyy,| is the smallest |ReYEn| for all n. We can perform
this analytic continuation in the finite Y plane without
encountering any singularities since all the Yen have negative
real parts. We now see that with the Bromwich path initially

chosen according to Eguation (77), it follows that

'I_ =0 - {78)
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~ We now turn our atﬁention to the volume integral appear- g
ing in Equation (73) and denote this integral as Ig. We Q;j
write this integral as the sum of three terms and in order
to do this, we utilize the previously defined smallest

circumscribing sphere. That is, we express

I =_/ b (E)G(Y, [z-x"[)av (79)
Va :

alternately as the sum of the terms

n_ .n n n
Ig =I5 % Tpg * Tt (80)
where
0 = [ o GAV (81)
a En
v
a |
n = 3 -
Ip4 = %im (05, G - £ )AV (82)
r+o Jy
b
2 = gim £ av (83)
bf n -
r--w Vb .

To complete the definitions expressed by Equations (80), (81),
and (82), it is necessary to define Va ’ Vb , and fn . The
quantity V. is the volume between the surface of the scatterer
and the circumscribing sphere whose radius we denote as a.

The quantity Vi, is the volume between the circumscribing sphere
and the increasingly large sphere having the radius r. The

quantity fn is a function that is constructed as the product
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of the functions describing the large r asymptotic behavior

of ¢ and G. For large r, the asymptotic behav1or of, ¢En is
glven in Equation (64) and we just note that the K given in’
that equation is a function of angular variables whlch will
now be defined. Let us consider a spheriéal coordinate system
defined as having its origin at tﬁe center .of the circum-
scribingrsphere and let us denote?thé usual angular variables

a)

as & and ¢. Then we can write

ki3
In = 2im fdr" fde r“2 sing £ (84)
bf r o : n

For our purposes it is sufficient to represent fn as

L -(v, . +v)r"
—_- 1 ) 1 En - L
fn = wn(E ’9'¢’Y’YEI}.) r“_z e L (85)

and we shall see shortly that the exact form of wn is not
important. Substituting Equation (85) into Equation (84),
we have

n sing

I < A (', Ypn )I (86)

where

An = f d¢f ae wn sing {87)
e} “o

and




1Sing _

n

Lim
100

. L _
C={y+y, )"
f a En dr"
a - .

. 1 —(Y+YEn)a' -(Y+YEn)r
= le'?:ﬁ?‘— e - e _
En

it Equation’(??) is satisfied, then

I
n

-.8ing _

' 1 —ly+yp da
(vivg) Te T

Equation (73) can now be written as

bpn (E") +.J£ ﬁE(r)' VG(r,r') dg, (r')dS

2

= (Y -7Yg

where

0 =
C

and

In

D

2 n ] n 1
n)IC(Y,YEn.g y o+ (v YEn)ID(Y;YEn:E )

n, ., n .

-{(Y+yp,.)a
— 1 En
= An(_{ 'Y'YEn)e

(88)

(89)

(90)

(91)

(92)

The significance of the terms contained in Equations (91) and

(92} is that they are not singular when y = Ygn

'still the case when

and this is

r' approaches the surface of the scatterer.

We are now concerned with taking this limit in Equation (90)
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and we introduce the same notation change that was used in

taking the same limit of Equation ‘(68). That is, we inter-

change r and r' notation, use Equation (26}, as well as the
limiting arguments preceding that equation to obtain

2 2 n : - n;.;
~Ypp) Ic(YrYEn-E) + (Y=vg,) ID(Y,YEH,E)

(93)

. _
LS(Y)¢En(£)

|
)

where LE is defined in Equation (31).
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IV. CONCLUDING ARGUMENTS CONCERNING THE. CONNECTION - '

BETWEEN THE TWO THEORIES

At this point we will retrieve appropriate equations:from_
the preceding section and rewrite them in a more convenient
form. We begln by presenting Equation (70), without modifi-

cation, to make it convenient for reference.

LI 42 (v,r) = AT (vepty,x) . e =EI  (70)
We rewrite Equations.(7l) and {(93) as
L (), (Z) = (y=v )F, (Y,0) (94a)
and
I -
Lg (Y)Y, () = (y+yp ) Fp (vox) (94b)
where
FIn = —(Y+YIn)II(Y’YIn’£) . (95a)
c -3 -—
Fr, = (Y1n Y)IL(YeY,rE) (95b)
. n n
Fo, = (Y+YEH)IC(Y,YEH,5_) + ISV, Vg T (96)

A major conclusion that we wish to draw concerns the

following sets. One set is described following Equation (53)
o,S
u,S nn'
in conjunction with the definition ¥ ' T e and we

write this set as

a,st _f. o,s 6,S, 0,8 I,8 _ E,s }
{Ynn.} _{Ynn' | hn (Ynn')‘o P ReYono 0, R Y ', <0 ($7)
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The other set is

= o 2_ 2 . - boundary } '_. |
{Yam} - {Yum I(V Yom Pom = 0 F conditions (38)

The first conclusion that we wish to draw is the set equality

a,st _ o -
{Ynn'} B {Yam}- . ‘ _ Fgg)
To prove that

v Ve #“'?} R (1003
{ Otm} { nn )

we consider the interior problem first. We do this to empha-

size a major difference between the interior and exterior

‘problem. This difference manifested itself in the need to

present Equation (94b) for the interior problem. Consider a
typical y; and let y = y; in Equation (94a) to obtain '

I — .
LS(YIm)¢Im(£) = 0 (101)
Letting v = YiIm in Equation {(94b)} yields
tE(ey_ Yo, () =0 (102)
S Im" "Im '~

Equation (101) implies that there exists some k%’s(y) such
that hﬁ’s(YIm) = 0, while Equation (102) implies that there

exists some A%'S(Y) such that A§’5(~Ylm) = 0. This not only

proves Eguation {100) for o = I, but it also proves that if

39




I,s - o e n
_ YImE {Y .} : L (103a)
then T
_ I,s } .
YImE {Yn,n' o . ' (103b)

'he conclusion expressed by Egquation (103) is acceptable for
o = I but would not be acceptable for a = E. The reason for
making this observation is to emphasize the need for the
bounding arguments presented in the previous section that led
to Equation (94a) for o = E, and at the same time eliminated
the need for an equation corresponding to Equation (94b) for
the exterior problem. Substituting vy =
{(94a) leads to

YEm into Eguation

E ——
LS(YEm) d:Em(r-) = 0 : (104)

which (by exactly the same arquments applied to Eguation (101))
leads to the result '

I,s} .
YEm® {Ynn' | ! (105)

however, there is no result corresponding to Equation (103b).

This is necessary in that

‘ReYgp < 0 {(106)
while, as is well known for the interior problem,
ReY, = 0 ' {107)

Equation (107), together with the fact expressed in Equations
(103a) and (103b), simply states that vy, occur in complex
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conjugate pairs. If an equation corresponding to Equation
(103b) were true for the exterior problem, then'bedause_of
Equation (l06), we would be led to contradictions concerning

the existence of right half-plane values Of-YEm‘ The bounding

argquments presented in the previous section precluded this
undesirable conclusion. Finally, we note that the more familiar
form of Equation (107) is obtained by using the cbmplex plane
rotation described by Equation (18) , which was presented in
conjunction with the complex Fourier transform. The statement
equivalent to Equation {(107), after makihg'the indicated

substltutlon-kIm = 1Yq, 1S

ImkIm-= 0 | (108)

Equation (108) is the more familiar result corresponding to
internal resonances. '

Equations (103) and (105) prove Equation (100}. TQ com—'
plete the proof of Equation (99), we will prove that '

(r3) < {vam | (109

To accomplish this, we form the following function

*
ot U,Ss

b (x,) =fe_(£v,£',vﬁlg?)¢n (Y,rv.c')as’ (110)

where * indicates complex conjugate and ¢g+(Y,£') satisfies

the adjoint eigenvalue equation. The adjoint operator is
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given in Appendlx A, and the adjoint eigenvalue equation is =
glven as
ot y.at. . o,8% c ot = (111
.LS_(Y)¢n (v.z) =2 ""(v)¢_ (Y,g) _(lll)
As in the previous section, subscript v is attached'tolthef
r to indicate that_Ev varies over the appropriate three-

E
given by Equation (110} into

. . ' . o A N
dimensional volumes VI or V.., Direct substitution of wn(Ev)r-

(V2 -y 992 = 0 - (112)

shows that this eguation is satisfied for Iy in the appropriate
open volumes VE or VI. In addition, wE{r } can readily be
seen. to satlsfy the Y- outg01ng condltlon.. For Equation (105)
to be true, it remains to show that the Neumann boundary condl-
tions on S are satisfied. To show this we take the gradlent

of both sides of Equation (110) to obtain

- L a,8 O["{.* oS 1 .
van(rv) = Jg VVG(EV,E Ypnt)®n (Ynn.,r yds (113)
Identifying r as a point on S which will be approached by S
and defining ﬁa(g) as the appropriate normal defined at the

point r, consistent with the convention depicted in Figure 1,

we have
. PPN d;s ot* , o, '
2im n(r) ¥ w (r ) = fim jﬁ%ér)- VVG(EV'EI'YHH')¢R (ynn?,r 148
r -r r -r 3

' (114)
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The appropriate 1/2 factors come from the limit expressed by
the right~hand side of Eguation (114) so that the following
equation is true:

~ . s *" & ) :
Ay Tt @ = O8NSy s

First we recognize that the left-hand side of Equation (115)

is the desired normal derivative. Next we substitute vy = Yn ’E
into Equation (111) and then take the complex conjugate of
the resulting equation to obtaln_
La+ (y o, s)¢ (Ya,s r) = lu,s(Ya,s)¢a+*(Ya .S r) (116)
s ! nn'’= n nn'’"n nn''= _
Combining Egquations (115) and (116), we obtain
o
dy_(r) . o o .
__mn=" _ ,a,s a S o,s .
"where we have used the convention that
o ,
oy~ (xr) o o : . :
—55— = -z ~Ven(z) . (118)

Referring to the definition of the Y§£? given in Equation (97),

we see from Egquation (117) that

Bu7 (x)

(119)
on '

Equations (112) and (119) yield the desired result
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which in turn implies that Equatidn (109) is ﬁrue; Equa-
tions (100) and (109) together prove the desired result
expressed by Equation (99). '

Shortly, we will interpret the significance'of‘Equation
(99). However, we will first point out the intrinsic con-
sistency of the equations that led to this result. There
were two intermediate results that occurred during the course
of this study that appeared as detriments to drawing desired
conclusions. One was the fact that the integral 12

E
by Equation (79) became unbounded. The other initially

given

appeared as a nuisance factor when we determined that the
operators Lg turned out not to be self-adjoint as described
in Appendix A. The analysis presented in this section showed
that both of these apparently undesirable results turned out
to be very desirable. The unboundedness of Ii is the under-

lying reason that precluded the consideration of “Yem 2% be~
E,S
nn'
facilitated the proof of Equation (109).

longing to {Y }. The nonself-adjointness of LZ greatly

Returning to the interpretation of Equation (99), we first
prove that the elements of this single set which we now denote

o . ; .
as {Yi} for notational convenience, i.e.,

{Yg} - {Yum} = {Yiﬂ?} o (121)

contain the pole locations of the ¢q that satisfy Eguations

(29) and (30}, which we rewrite as

o o _ .G
L (e (y,z) = ¢, (v,r) (12.2__)
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From arguments already discussed, we know that ¢a(Y,£) is a
memomorphic function of Yy having all of its poles in the
closed left-~half y plane. First we will consider the possi-
bility that a pole at the location Pro has multiplicity Mn&;
Next we multiply both sides of Equation (122) by (Y-pna;nn“
and then set Y= p__ . Assuming we have not chosen an incident

no
field having the same pole location, the resulting equation is

a o _ |
Ls(pna)Rn(g) =0 . (123)
where

a - s
R (x) = (y=p_.) o (y,z)| (124)
Y =Png |

Equation (123) implies’
u"s I
Pra © {YoRt | (125)

which, according to Equation (121), implies

raa © 113) e
At this stage we have not presented an argument that all of '
the members of {Yg} are pole locations. o

A major goal of this work is to facilitate the use of ..
complementary efforts related to SEM that have been generated
by different communities. In Reference 8, the following
asymptotic expansion, expressed in the nétation of this work, .

is given as
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¢E(£rt) ~ SE(E;t) o o (127).

where

Yol T
SglL,t) = E c_ e ™ oo () - (128)

and T = ct. ¢E(£,t) is said to behave asymptotically like
SE(E,t) for large t.

After performing only a cursory search, we found no
explicit representations for the c_'s nor did we find esti--
mates on errors introduced by terminating the sum as a
function of either r or t. Despite our inability to obtain
this information, the existence of Eguation (127) together
with our result, Equation (99), benefits our state of knowl-
edge. A formal comparison of Sg(g,t),'given by Equation (60},
after the following substitution, |

IS = Yoot T Yoo T

o o' _ non _ o Em (129)
with SE(E,t) given by Equation (128) vields the following
formal conclusions. The sum of all of the terms multiplying

Y T
a particular'e Em , i.e., allowing for degeneracy of the

complex eigenvalue YEm"in the representation SE(Ert) given

by Equation (128), is equal to the sum of the terms malti-

. Yo T ‘
plving the same e Em in the representation of SE(r t) given

by Egquation (60}. This formal equallty has mutual benefits.
The terms contained in the representatlon S (r,t) have
explicit representations in terms of surface guantities and

furthermore they are numerically calculable.
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. The benefit in going the other direction is that we now
have additional reasons to believe that the remaihder_term 7
Rg(r,t) becomes unimportant for large t. This resuit has
frequently been assumed to be true by workers in the EMP
community, based on the argument that RE (r t)} was the 1nverse
transform of an entire function. This argument suffers in that
a very simple entire function c¢an be identified whose inverse
transform would dominate Sg(r,t) in a controlled manner. This_

function for the scalar case is simply
£.0v) = ae” " | (130)

If fE(Y) were the additive entire function for the case
where the time dependence of the incident field had a Dirac
delta time dependence, then the inverse transform of fE(Y)

convolved with the time dependence of a general incident field

__could be chosen to yield R (r,t) which is larger than the

S {(r,t). All that would be required would be to choose the con-
stants A and T so that this occurred. The asvmptotic nature of
SE(Ert) precludes this possibility for the scalar scattering
problem and suggests there is no hidden surprise in the

Rg(r,t) for the vector scattering problem. ”

. Before leaving the formal connection between SE(E}ti and
Sg(g,t), two additional comments are in order. The first is
just to note that the SE(Ert)r which results from the volume
approach, contains the features discussed in the Introduction.
The second is that the form of SE is very indicative that
¢ (r,y) has only simple poles at the location Yz This _
follows from taking a term—by-term Laplace transform of the:
sum S_(r,t). We will shortly present a separate structured

E
argument that this is actually the case.
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Our argument that ¢E(£}y)'has only simple poles requires

-
L,

'a number of clearly identified mathematical statements to be
true. A crucial mathematical requirement is that Equation
(29) have the eigenmode solution expressed by Equation (38).
Changing the notation of Equation (25), we ask whether a
solution y(v,r) exists to the

2 vy = P E (131)

for a given F{y,r) and furthermore we ask that the solution

can be expressed as

Et
(cbn (Y,;_),F(Y,g))

E,s
n=1 ln (

piy,x) = oZtv,m) (132)

Y)

The conditions that ¢ exist for a specified F can be found in

PN
£ y

discussions of Fredholm operators since Lg(Y) is such an
operator. The conditions for the validity of the EEM expressed
by Equation (132) require further discussion. A recently dis-
tributed report by Ramm (Ref. 6) presented conditions that an
o
according Eo Equation (132). 1In particular, he treated the

operator very closely related to LZ(Y) could be inverted
operator K' presented in Appendix A. He concluded that, for

a suitable class of scattering surface shapes, the root
system of Kf formed an appropriate expansion basis. He then
emphasized +he limitations of this conclusion in that the root
system consists of both eigenvectors and root vectors. In
order to utilize a standard EEM expansion, it is necessary
that there be only eigenvectors and no root vectors in the
root system. His conclusions concerning the root system for

—

K' can be extended to apply to the operators.Lg and Lg and we
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now focus on LE. - In order that Equation (132) be valid, it is
necessary that the root system of Lg contain only eigenvectors

and no root vectors. Ramm (Ref. 6) gives a set of sufficient
conditions for this to be the case, and shows that all of ‘these
are readily satisfied with the éxception_of the condition that

Lg is normal. Ramm points out that whether this sufficient condi=-
tion is satisfied depends on the shape of the scatterer. He cites
some of his earlier work which demonstrated for the analogoué
Dirichlet problem that a spherical scatterer yielded a normal
operator. Later in this work, we examine whether Lﬁ is normal

for both the sphere and spheroid. For the séhere, we conclude
that it is normal while for the spheroid we could only establish
that it is a complex symmetric operator. Despite this, we
conclude that the EEM solution for the spheroid yields the
correct solution that is obtained by the standard separatidn of

variables procedure.

We now consider Equation (132) as applied to a special case
of Equation (131). This special case is Equation (94a) with
o = E and the dummy index changed to i. For this situation
Equation (132) becomes

o0

Y=Y o
op; (X) = E —;E’—SEL (¢§+(Y;£),FEi(Yf_F_))(bi(Y:E) (133)
=1 n (Y) L

We have already shown that for some n, say N,

E,s '

An' brgy! =.0 ' (134)

In order that the right-hand side remain finite and nonzero
s _
(

at y = Yy ¢ We conclude that Ag' v) has only a simple zero

at YEi'

Referring to Equation (132) for a source FD(Y'E) cor-

responding to an incident field have a Dirac delta time
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dependence, we make the following observation concerning the
meromorphic function W (Y,r). The poles of Yy (y,r) corre-
sponding to the zeros of the eigenvalues are simple poles. It
is'Coﬁjectured that for many surfaces these are the only poles.
For the case where the incident field has a more qeneral time
dependence, we simply convolve the inverse transform of the
Dirac solution wD(Y,E) with the specified time dependence.'

We conclude this sectioh by making an important distinc=
ltlon between the vector and scalar scattering problems. We
have just presented sufficient conditions for the elgenvalues

XE s(Y) to have Smele Zeros. Equatlon (60), which represents

anstandard SEM expansion for all cases of interest, vector and
scalar, interior and exterior, is based on the assumpt;on that
all of the eigenvalues ka B(Y) have simple zeros. In this sec-
tion we have presented suff1c1ent conditions for this to be
the case for l (Y) Identlcally, the same arguments could
" be applied to conclude that A (Y) had only simple poles.
All that would be required would be to use FEquation (94a}) and
(94p) for o = I to obtain an equation aralogous to Egquation
(133) for the interior problem. It now remains to discuss .
the vector problem. As mentioned in the Introduction, there
has been work directed at extending the scalar volume approach
to the vector (electromagnetic) case. We have not pursued
that vector extension to determine whether the vector analogue
of Eguation (61) has been established for the exterior vector
problem. If it has, the arguments presented in this work
would require minimum modification to draw analogous conclu-
sions to the ones drawn for the scalar case. The primary
modifications would be to utilize vector Green's theorems
and the free space dyadic Green's functions. This might be
readily accomplished; however, it is our view that further
insight into SEM can be obtained by continuing the study of
the scalar problem. We have two underlying reasons that led

590

T




N

"us to this view. One is that only.sufficient‘conditions

have been identified that allow desired SEM conclusions to
be drawn. The other is that there are more finite shapes for-
which analytic solutions exist for the scalar scattering -
problem, the spheroid is only one of them. In this report.
we have gained some information by examining the. scalar
spheroid scattering solution; however, we have not exhausted
the information contained in that solution.
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V. PROLATE SPHEROID

- In this:-section'we consider~an-acbustically¢hard'prolate,
spheroid. and determine -the eigenfunctions and_eigehvalues;of:,
the surface 'integral operafor. These eigehfunctigns have an. ..
explicit: dependence on:the;Fourieﬁ complex1variable.k (ortywh
if Laplace:transforms are empldyed),wnereas,gas_in_thg_yeétor_
case; the eigenfunctions for the special case_qua”$phere_arez
independent of k. | | -

The scalar integral equation for an acoustically hard body

is
%ﬁb(g) *f¢(£') gn‘ G(r';x) ds' = ¢lnc(_r_), res (135)
S
where
ikR
G= Ty r R = lrr |

aG -— o~ 1 -« [}

o = nlz') - VG
and ﬁ;g') is the outward unit normal at r'. The corresponding

eigenvalue problem has the form

Ld = A ¢ {136)

n nn
where
I
o) = = -
Lo, (2 K) 3
_ . vy 9G
K@n —J/.@n(g ) T 4s (137)
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(ﬁﬁ -~ The prolate spheroidal curvilinear coordinates £, n, ¢ are

related to the Cartesian coordinates x, y, z by the transformation

211/2

[(52-1) (1-n?) cos ¢

"
It
N

11/2
sin ¢

L
]
M
 E——
——
el
N
i
[a]
S
———
—
i
=
S

z = % din

where £ is the "radial" coordinate (1<g<=), n(-1<n<l) and
9 (0<¢<2m) are the angular coordinates and 4 is the interfocal
distance. The surface of the spheroid is defined by £=;Ela~

The correspondence with the spherical coordinates r, 6 is.

t¢d - r, n»cos § as § » =

roj-

‘i.e., we let the interfocal distance go to zero and keep £d
finite. We also present the formulas for the metric coeffi-

cients hE' h , h, because we will use them shortly:

ntoe
; 1/2
h, = Q (Ezfnz)
S 2 E2_l
v 1/2
_ a €2_n2
n 2 l-n2
, 1/2
o 2 2
r, = $[aer?) (]
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The scalar Hermholtz equation
(v2+x2) @ =0
has the following solution forloutgoing waves

g3 {cosm¢ ).

? = Spalemn) QSan¢|

mn

(c E)

where
. 1
c = jkd

and Smﬁ(c,n), Rég)
respectively. The equations they satisfy are given in the

monograph by C. Flammer (Ref. 11). In the limit of a sphére,_

mn{c n) reduces to the associated Legendre Polynominal P {cosBd)

and R(B)(E) to the spherical Bessel Function h(l)(r) The

angular functions S_(c,n) satisfy the followlng orthogonal- {'
ity relationsnip

(c,£) are the angular and radial functions

+1 : _ ‘ _ . .
f. Smn(cfﬂ) Smnu(c_:n} Cin = 6nnr Nmn - _ . (138)
-1 :

where Nmn is the normalization factor given in Reference 1l.
In terms of the spheroidal functions the Green's function G

has the following expansion

KR @S R k(278 )
— =§: z _ngﬁ- Spelcim) S,y (e,n') cos p(4=9")

5=0 1=p
ROV e,2n rY 0 ¢ > g (139)




where Rél)(c £) corresponds to jg(kr), R(3)(c E) to h(l)(kr)

and Npg is the same normalization factor as in Equatlon (138).

We are now in a position to show that the eigenfunctions
of L defined by Equation (137) are: -
_ _ _ ;

R jcosmd | . 2
an Smn( )131nm¢} ' (140)

Egquation (140) shows the explicit dependence of an on k or
vy{e=(1/2)kd = (i/2)vd). We begin by noting that the inte-
gral operator involves the normal derivative of the Green's

function G. In order to be able to emplox the representation
given by Equation (+:39) and operate on R (c,&') inside the

sum, we recall that

3G 4gv
(r)-—J[. (£') v d8

S

B, -1 \y 36 4g |
= o {r %irglf e T . (141)

-
=

where G(El,n',¢‘;£,n,¢) in the second line has £ + El; i.e.,
its unprimed radius vector corresponds to a point off the
surface. In the first line the limiting process has been:
completed and both r and r' correspond %o points on the sur-

face £ = £,. In view of Equation (139) we can write
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g' =
= = ik(z-aop) - L
= E E *“§;ﬁ—zﬂ— SPQ(CIH) Spl(c'ﬂ') COSP(¢f¢')
=0 &=p 2
1 d (1) (3), : e
R, @] Rpt (cr81) Ry (cr8) £> &, (142)
1 | :

and take into account the orthogonality relationships of Sm

n
and of the trigonometric functions, we find that

‘9]_ ~
o
= .3:_}5@_ :'2.. (3) r d (1) ‘ - X . . :
2 (171) Ren (€31 3, Smn (er81) o (@) (143)
where § is given by Equation (140). Combhininc Equations (136),
mn
(137), (141), and (143) we obtain
\ - 2 {3) d (1)
mn 1 lc(*l l) Rmn (C'gl) Sl Rmn (c'gl) (144)
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where the relationship ¢ .= (1/2)kd has been used. In order
to simplify Equation (144) we emplov the eguations satisfied
(3) (1) . .
mn’-Rmn (Ref. 11) along with their
asymptotic expressions for large £ (also given in Reference 1l)

by the radial functions R
to obtain the Wronskian relationship

(3)

{1}
203 Pon” o Fan g (145)
mn  dg mn  dg c(gzﬁ)
Combining Equations (144) and (145) we obtain
2y (1) Loy A (3) .
‘o T %C(gl l) Ran (C’gl) dg Ron (C’El)'- . (146)

1

If the Laplace transform variable v-is used we simply replace ;..

¢ by 1yd/2 wherever ¢ appears.

Now that we have determined the eigenfunctions and eigen-
values for Equation (136) by utilizing Equaticon (142), we can go
back and give an explicit expansion of 3G/3n' when both r

and r' are on the surface of the spheroid. The answer is

o 2
1-2 A
3G _ 232 ' 147
B D, I T Ppao (D) pyeE) (47
=0 p=0 ¢ P

where ¢ stands for odd, even. In Appendix A we show that for
both the spheroid and the sphere the adjoint onerator L+ is
equal to L* where the asterisk signifies complex conjugation.
For tihe sphere we also show that L is normal. In general, in
order to solve Eguation {135) we need the adjoint eigenfunc-
tions. A formula for the adjoint operator is derived in ;
Appendix A.
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In the limit of a sphere we easily obtain -~ eI e A

.
bn = Phicost) [S3200) e
A, = - itka)? 3 (ka) h{ " (ka)
= - (ya)? i_(va) k}(ya) (149)
where f'(x) = 4df/dx. The éigenfunctions given by:EqﬁétiOhs (140)

~and (148) form complete orthogonal sets in their respective
domains (-1l<n<l, 0<¢<27 for the surface of the prolate spheroid
and 0<9<m, 0<¢<2m for the sphére) and, consequently, they repre-
" sent the complete solutions to the eigenvalue problems. Along

with:the eigenvalues they can be used to solve the integral

e

o oo™ o asoy
ez TR 2 - ‘

where

and QQ,IAG, N, are the eigenfunctions, eigenvalues and normal-

ization factors, respectively. Employing Equations (140) and
(146), we can show that the scalar field ¢ evaluated at the
surface of a hard spineroid excited by an incident plane wave

elkz is given by the well-known formula




1
- i d_ g(3)
0= 3 o — [ 35 Ron (18 D] Senleil) Sopteim
. n=0 (151)

by noting that oﬁ_the surface of the sphe;oid"'
ikz _ 21 (1} ¢
e = z 5 Sonfcrl) Soplerm) RoT(c,Eq)
and that

1

ikz = 2i0g (l)
S e Sondn = 2i (c 1) R (

c,El}

-1

For the sphere it is easy to derive the SEM expansion by

first employing Equations (148) and (149) and assuming an

. . -YZ
incident plane wave e kf

~YZ COS

cose),e .
sin

m¢)
Ya) 1n(ya)k£(Ya)N

COS

m¢.

BN

n=0 m=0

r{)l
l H

Pn(cose)

Following the methods employed in References 1 and 2, we arrive

at the following SEM expansion

-th n+l '
2{r,v) = E E (2n+l g V_;' 5 P, (cos6)
) (et
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where
- = X 2..1' l': = dF :
F(x) = e™x kn(x), F'(x) ¥ g
. are the roots of k! (ya) = 0 and t_(= -a/c) is the instant

A
nn
at which the wavefront first hits the sphere. Equation (152)

corresponds to class 1 coupling coefficients as expected from

the vector case.
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VI. NUMERICAL RESULTS

In this section we present numerical results for the
zero locations corresponding to the vector sphere problem.
These zeros were found by employing the method described
in Reference 1. Figure 2 shows the division of the surface

of the sphere into zones;'ﬁhere N ‘is the number of slices

LONG

in the azimuthal_direction and N is the number of slices

‘ LAT
in the polar direction.

Table 1 presents the numerical results. Notice that the

search routine (Ref. 1) locates clusters of zeros corresponding

to a true single zero. For example, for n = 1 and ﬁLONG = 4,
NLAT = 2, we obtain the three zeros -1.0202+i0.0862, -1.1012
-10.0522, -0.9408-10.0365, whereas the real zero is s;;, = -1+i0.

The reason for the clustering is that zoning transforms the sur-
face of a sphere into a different surface and the tﬁree—fqld
degeneracy (n=1, m=-1,0,1) is resolved. As NLONG-4 @, NLAT -
all three zeros will coalesce into the one zero $110 if we

ignore numerical roundoff error. Also notice that as we increase
the number of zones a) more zeros belonging to a cluster are
found and b) the norm of the error of the average cluster wvalue

for a zero decreases.
The rectangular area we employed is defined by:

Coordinates of the lower right corner: {-1.55, -0.30)

Coordinates of the upper right corner: (0.00, 1.30)
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Figure 2.

Zoning scheme.
LONG
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For the figure o
N = g({A$=45%), N = 2(A8=907).
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TABLE 1. POLE LOCATIONS AS A FUNCTION OF ZONING
Number of zones - Zeros
. No. of | Designation | - Real Imaginary
"Long N At zeros of zeros part x(-1) | = ‘part
] ] 2 5110 0.8787 0
o171 (.5554 0.8763
2 1 4 ;110 0.9763 0
$110 0.9306 0
$o11 0.5701 0.8663
‘ 5511 0.4525 0.8250
2 2 7 Sa20 1.3252 0
5110 1.0013 0
5110 0.9620 0
5121 1.4398 0.8410
S191 1.1146 1.0637
CSoqp . 0.5374 0.8897
Sp11 0.5128 0.8523
4 2 8 $110 1.0202 0.0862
5110 1.1012 -0.0522
S110 0.9408 -0.0365
5121 1.4621 0.8491
$121 1.4610 0.8483
So11 0.56912 0.912328
0171 0.56913 0.912322
0171 0.4892 0.8586
4 4 9 So90 1.5479 0.0033
S110 0.9813 0.0023
$110 1.0396 0.0103
5110 1.0269 -0.0125
S121 1.4957 0.8339
$121 1.4588 0.8742
$511 0.5670 0.8737

63




~ TABLE 1.

CONCLUDED
Number of zones Zeros
No. of Designation Real Imaginary
% N one NLAT Zeros of zeros part x(-l) part -~
' $511 0.5016 0.8648
521'1 0.5229 0.9242
8 4 8 $110 1.0055 0.01258
| S110 0.9921 -0.0059
; $110 1.0179 -0.0067
: ‘ 5121 1_.5063 0.9291
| | S101 1.4548 0.8388
. % So11 0.5600 0.9043
! ; s 0.5071 0.8196
5 | 2! 0.465] 0.8979
i 5211 : '
Sy = 1r S5pp = —0.5000 + i0.8660, s;,7 = =1.5000 + i0.8660
S,op = ~1.6961 + 10.0000




O

19.

11.

REFERENCES

Sancer, M. I., Varvatsis, A. D., and Siegéli‘s,,'pSeudb_ S

symmetric Eigenmode Expansion for. the Magnetic Pield::

Integral Equation and SEM Conseguences, Air Force Weapons

Laboratory, Interaction Note 355, October 1978.

Baum, C. E., On the Singularity Expansion Method for the
Solution of Electromagnetic Interaction Problems, Air
Force Weapons Laboratory, Interaction Note 88, December
1971.

Marin, L., and Latham, R. W., Analytical Properties of

the Field Scattered by a Perfectly Conducting Finite Body,
Air Force Weapons Laboratory, Interaction Note 92, January
1972. '

Baum, C. E., On the Eigenmode Expansion Method for Electro-
magnetic Scattering and Antenna Problems, Part I: Some
Basic Relations for Eigenmode Expansions and Their Relation
to the Singularity Expansion, Alr Force Weapons Laboratory,
Interaction Note 229, January 1975.

bolph, C. L., and Scott, R. A., "Recent Developments in
the Use of Complex Singularities in Electromagnetic Theory
and Elastic Wave Propagation," Electromagnetic Scattering,
P.L.E. Uslenghi, {ed.), Academic Press, 1978.

Ramm, A. G., Nonselfadjoint Operators in Diffraction and
Scattering, Alr Force Weapons Laboratory, Interaction
Mathematics Note 64, September 1979.

Lax, P. D., and Phillips, R. S., Scattering Théory, Academic

Press, New York, 1967.

Lax, P. D., and Phillips, R. S., "Decaying Modes for the
Wave Equation in the Exterior of an Obstacle,” Communica-
tions on Pure and Applied Mathematics, Vol. 22, 1969,

pp. 737-787.

Nussenzveiqg, H. M., Causality and Dispersion Relations,
Academic Press, New York, 1972,

Schmidt, G., "Scattering Theory for Maxwell's Equations
in an Exterior Domain," Ph.D. thesis, Mathematics Depart-
ment, Stanford University, 1966.

Flammer, C., Spheroidal Wave Functions, Stanford Research
Institute Monograph, Stanford University Press, Stanford,
California, 1957.

65




12.

REFERENCES CONCLUDED

Martinez, J. P., Pine, L. 2., and Tesche, F. M., Numerical

Results of the Singularity Expansion Method as Applied
to- a Plane Wave Incident on a Perfectly Conducting Sphere,

Air Force Weapons Laboratory, Interaction Note 112, May
1972. :

66




e

@)

APPENDIX A. JOINTNESS RELATIONSHIPS

In this appendix we derive an expression for the adjoint
to the scalar integral operator corresponding to'an acousti-
cally hard body and we specialize it for the case of the
spheroid and sphere. '

We start with the exterior eguation _E'”

'1 = . 3G(z'. 1) - St S
5 el{z) - J{@(g}) —— as' = (5 = K)@ = Lo (AL)
an’ :

S

where I is the identity operator.

The adjoint is defined through the relétionship

(v,Le) = (L7y,e) (A2)
where we have used the inner product definition
(£,qg) sz*(g) g(r)ds
S
i.e., we can define
_ I
tto= 2 -k (33)

To find KT we write

(¥,K9) :-f"“ *(r) Ro(r)ds




where the penultimate step involved an interchange between

r and r'.

Thus, according to Equation (A2)

_ 3G ¥ (r.x")
T = H 1 = t .
KTy f P(r') ———— ds | (A4)
ST
where
3G(r. x') 3G(r' r) ~
an" B an’ = niz)-ve
..-YR
— 1 e 2
= "(ﬁ' * Y) arr 2nin)
and
3G(r' ;D
z n{r')-V'G
an'

The interior. integral equation is

IG(r';r)
%—@(g) +f®(£') ~——— das' = (%—+K) s = L's
on'

_ - . .
and thus the adjoint operator is (I/2) + K where K' 1s given

by Eguation (A4).
y Equ (A4) 65
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For a spher01d one can use Equatlon (147) to cast the oper-
" ator in the form ' : : : o o

S P e 1-2)\m :
L@ = 5 CI) "f CD(__I.:') E ‘ —-2—1\-.!-;;— @ (r) @ (r! ) dr"
L ct N - : ° m e ) . R e

and employ the procedure outlined in ‘this appendix to show
that

*
The adjoint eigenfunctions of L_f~ are then ¢m' For a sphere,
in particular, one can choose real eigenfunctions ¢m and
consequently the adjoint eigenfunctions are identical to

the ¢n's; i.e., the operator L is normal.
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APPENDIX 5. SCALAR ANALOGUE OF THE ELECTROMAGNETIC -
PSEUDOSYMMETRIC THEORY ' ' N

S

' We begin this appendix by viewing certaln properties of
the eigenvalue for the exterior spheroid scatterlng problem,
which was derived in Section V. This eigenvalue is repro-
duced here for convenient reference. . |

_ (1) a3, .
A (1) = lc(a DRy (e08y) gEr Rpn (€08 (81)

where.

o
i
boj -

and the associated functions and parameters have been defined
in Section V. Our effort in this appendix is motivated by B
examining the two ways in which the zeros of Amn(Y) are o

obtained. They are

d (3)
EEI Ren

{c, &) =0 (B3)
énd

g (1)
Ron

\C;al) =0 | _ (B4)
An examination of whether hmn had an as yet unexplained zero
at Yy = 0 was conducted. We found that the multiplicative ¥y
that appears in this eigenvalue is cancelled by an aporo-
(3)_“51\/d
factor. Equation (B3) is an explicit example of the con-

priate term that is contained within the dR

nection we proved between the significant zeros of the
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eigenﬁalue and the-LaXQPhillips complex eigenvalues. Equa;
tion (B4) is the clue to pursue thé results developed in this
appehdix. That is, it yields the interior volume eigenvalues
associated with the Dirichlet problem.

We now Eegin'dur invéstigation of this issue by &eriviﬁg
the interior Dirichlet integral equation. First we combine
Equations (7), (9), and (22), employ the change of variables
previously described in which r' becomes the integration

variable and r - an observation variable in V

Tt and employ the

Dirichlet condition ¢? = 0 on S, to obtain

621 +u/ﬂG<£v,g')cI<£')ds' = 01"z (B5)

where we'héVe affixed thé'sﬁperscript D to indicate Dirichlet’

boundary conditions are employed and we introduce the -

definition

otz = -A (z)v el (86)
We now take the gradient 6f both sides of Equatibn ‘B5) to
obtain

D N GO . inc
v, 07 () +~/FVVG(£V,£ JoT(x')ds' = V o7 (x) (B7)
S

Identifying a point r on the surface.as the point approached
by r, . and defining ﬁI(E) at the point r , we first take
—ﬁI(E) dotted into the preceding egquation and then take the

limit as r, approaches r to obtain
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where we have used Equation (26) and the definitions

aG(g}g')

n(r) 'VVG(Eer')1r =r'= —3n ' . {B9)
and
~ inc _ ol .
A -7 i) lr Lt (B10)

The sign of the % g factor in the described limit is deter-

mined in the same manner that was described in treating

Equation (24). We will now write Equation (B9) as ”
I I o
Lip® = Fg | , (B11)

and this equation serves as the definition of LTD‘ We now

K
compare Lpp with Lg' given in Appendix A and find that

_ Ef* | |
Lip = g | (B12)

We now consider the interior Dirichlet eigenvalue equation
o | -~ (B13)

Next, we take the complex conjugate of Equation (B13), substi-
tute Equation (Bl2) into the result to find
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(BL4)

{Aﬁ'é} = {.AIIII'.S'D}” | ' | (B15)
and |
{027 - {ci} S (e16)

Equation (B15) is consistent with the spheroid eigenvalue
result expressed in Equation (B4) and in addition, it is very
significant by'itéelf} as diécussed in Section II. In par=-
tiéuiar, it iﬂplieslthe'existence of the extraneous zeros of.
the éxternal eigenvalue, which we will now argue'do'not

contribute to the desired SEM expansions.

Specifically, for the external Neumann surface problem,
we want to show that

NE (B 8By oo (B17)
s "nn o
where sﬁé?’EX is an extraneous zero of Ag’s corresponding to

the zero of the interior Dirichlet problemQ To accomplish
this, we first employ the identity

Ip _  ID_ E }= oE 241D _ ;IDg2 E (B18)

v-[ﬁ VoD - 1070 VEGTT - 910V

inc "n n inc inc n n inc
L N . i LB ID
This identity is true for general functions ¢inc and ¢n , but

we are intereéted in the case where ¢§nc is the incident field

excited by the source in the exterior region. That is,
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2 2. .E ' _
(Ve=-~v"Y o, . = £ : (B19) I
inc \v}
We are interested in the case where ¢ED are interior volume
Dirichlet eigenfunctions satisfying the equation
2 p2 .ID

(VE-v7,) ¢ = 0 - (B20)

and the Dirichlet condition on the surface
o) =0 _ (B21)
Substituting Equatlon (B19) and (B20) into Equation (BlB)

integrating over the interior volume, applylng the dlvergence
theorem, and the Dirichlet boundary condltlon, yvields

2 4 ID 40 - (P - 2) E ID .. _ ID.E ...
f“‘"incnx‘v"bn ds —(rIn Y f@incq:n av f oIP£" av

Recalling that fE is nonzero only in VE , we rewrite

Equation (B22) as

| ) o
__A._ID)_E _(2_0) E ,ID . -
f( Ao 7ol0) 9T as = (YT- v, 0% oty 4V (B23)
S . VI

In order to draw our desired conclusions from (B23) without
leaving any gaps, we would have to reproduce the results
connecting the surface and volume solutions for Neumann

boundarv conditions contained in Section IV all over again

74




for the Dirichlet boundary conditions.. At this point we will
not provide these details and we will thus have thefiﬁdioatedy,
gap; however, we see no difficulty in:eliminating_this-gap.
Assuming the Dirichlet connection yields the same'results'es
the Neumann connection, 1t then follows that the volume elgen— 
value YI is a zero of the surface elgenvalue AI_S +D | _
According to.Equatlon (BlS) it follows that YI is an extra-

neous zero of KE ® which we can formally state as

SEr s EX _ D : ;
Shn* = Yim (B24)

where ¢ is the acoustic propagation velooity as opposed to

the guantity defined by Equation (B2), and m-can represent

a multiple counting index. To proceed with the argument it

I -V¢§ and the o which satlsfy (B13).
A Dirichlet extension of the Neumann arguments presented in

is necessary to relate -fi

Section IV would be necessary to conclude that 0 (YIn) =
A ﬁ . V¢ D where A is just a proportlonallty constant.
Assumlng the described Dirichlet equivalents of the Neumann
arguments have been established, it follows from (B23) that

J ST (Bt P s -

= 0 {(B25)
S
This can be written as
1* E,s,EX E E,s,EX ) _ _
(on" (sErfr 5y, o tsmn PR ) = o (B26)
and using Equation (Bl6), we write this as
E+ E,s,EX E E,S,EX) _
(cbn (sppv’ ) e 9 o8 =0 (B27)
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The left-hand: side of Equation (B27) is the original1defini—

) ] 3
tion NE(SEnS EX) and we now have our desired result-' B ' ij

Hav1ng obtalned the de51red result, we could end this
appendix. Instead, we will present a number of results that
have some aspects in common with the results that have been
prasented. To do this, we summarize the essential forms of

the scalar operatorS'that'have already been defined. For

the external Neumann problem, we have

tE=2-x (B28)
for the internal Neumann prﬁblem we have

+ K, o (.‘B'29)

for the internal Dirichlet problem we have

.[/.._&.

L. =% -, |  (B30)
2 : : RN
and for the external Dirichlet problem, it can be shown that

_ 1 +* ' (B31)
Lgn = 5 T K

From these forms the set equalities follow

el e

RN
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-_'{¢E+}- = {¢I+} ":  = : ,  - f.(B34)f

(- e
(- e
{"h - {) =
GRS | 0
--{AIIl,s}= {Aﬁ.s,D}_- (B39)

as well.as Equations (BiS)iénd (B16), which plaYed a central
role in this appendix. In addition, the folloWing eigenvalue

equalities hold.

)\n + )\n = l (B40)
L Ers,D Airer -1 (B41)
}\E,S + ;\E!SJD = 1 . (B42)

n n

n n

Finally, for the spheroid, which includes the sphere as a

special case, we have

K = K (B44)
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and we have the following additional'sét equalities:

ARt

For the sphere, the eigenfunctions can be chosen to be re
thus eliminating the need for the conjugate. This aspect
of the sphere solution is sufficient to show that K and K

commute,‘thus:making K normal.
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APPENDIX C. A USEFUL SCALAR SEM RELATIONSHIP

In this appendix we will presenﬁ an alternate represen—
tation for aiﬁ? which plays a prominent role in the final SEM
expansion given by Equation (60). There are several alter-
nate forms already possible for this quantity, based on
material already presented in this report,'and the form we
now choose 1is

(627 (), 9% 0 (8)

fnn' T K;a S (C1)

e } o 55

Implied by this. form is a normalization of the adjoint eigen—
function that appears. in the expre551on as well as a normal-
ization of eigenfunction ¢n. The normalization that has been

implied so far in the text is
(62T (s), 0%(9) =1 | (C2)
n "' n

Such a normalization was always p0551b1e because we could
have chosen the unnormalized functions ¢ Q and ¢ no and formed

the inner product

o

n (C3)

at ,a _
(¢’nQr¢nQ) - Q

The normalized eigenfunction and its adjoint can then be

obtained by dividing each by (Qa 1/2.

We are now in a posi-
tion to express Equation (60} in terms of the unnormalized

eigenfunctions as
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o N(n) o : o,s

w - s*rSy
a,s nn o
s z’ E: 2215, og i (x)e (ca)
. n=

' where

o : _ LG o,s o )
¢an'(£),- ¢nQ(snn.,£)- : : (C5)
and
ot
¢,s  _ (¢ Q'¢1nc)
a0nnt = {Cé6)
nn 0 T 0. s
n n s=s_'7
nn

It is the denominator of the last expression that can be.
written in an alternate form. To accomplish this, we write.

the original eigenvalue equation

o o LS,y O
LS(S)¢HQ(s,£) = AT (s)e

nQ(s,g)

and take the derivative of both sides with respect to s to

obtain

o3 (8 o,3 OL_
s o + . "¥ng _ Pn o 4+ 2%r® 'ng. 7
g nQ s 3s ds nQ n as

Next we take the inner product of all terms with ¢z$ to obtain

: o o 0,5 : . Qo
e g g Lot o a¢nQ _ dry a ., o,sf 0, ad)HQ
|4 o) T ¢ s *ng " Bs

‘nQ * 8s 'n “nQ s oS ds Yt *n nQ ' 9s

(C8)
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The second terﬁ can 5é wri££en as |

_ 2 B T 3¢ o a--':_a¢a T
(ﬁm+ Lo Q) (La+ ¢a+._ Q =3¢ ¢a+ n (C9)
fng " 7s 9s / '_ s nQ f " 3s ‘ n nQ ’ 9s

Substltutlng Equatlon (09) into Equatlon (C8) and cancellng
terms yields

ars | 3L Ny
n o _.(¢a+ s .a )_ (C10)

ds 9 = nQ ' 3s *no
The desired ekpression is obtained by substituting (Cl0) into
(C6) and it is

. O!,l
| (627 4 95
G,S _ ng- ine/
3nn' = o (C1ll)
L
: ¢a+ ] ¢a _—
A"ng ' 9s "nQ/f |s=s_!

nn'

We now have a choice of dealing with an explicit normalization
procedure implied by Equation (C6) or the normalization insen-
sitive procedure implied by Equation (Cll). It should be
noted that the electromagnetic SEM equivalent of the materlal
presented in this appendix has long been established using

virtually the same procedure.
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APPENDIX D. A TIME FOR THE EQUIVALENCE OF CLASS 1
AND CLASS 2 COUPLING COEFFICIENTS

In this appendix we show that when a perfectly conducting
body is illuminated by an electromagnetic.pulse of finite
width T the SEM responses with class 1 and class 2 coupling
coefficients are identical for times t > T + (L/c) + t .
where I is the maximum body dimension in the direction of prop—
agation and t=tO corresponds to the instant at which the pulse
wavefront first hits the body.

-

First we show that this is true for a delta function inci-

dent pulse, i.e., for T=0. The coupling coefficients are
defined as follows

AR Ae(Yu'Y)Ctofginc (ErY,) - 2,(x)dS o (D1)
& a -0
S
(2) . ine . o\ L& '
g E A[g_ (£,7) + 8 (x)ds (D2)
‘ A

where A is a common factor and ga(E) is 'a coupling vector.
For a delta function pulse
inc

J (£,y} = §(£)e

—yz | o (3)
where, for simplicity, the direction of propagation has been
chosen along the z axis, with z=0 at the "center” of the body,
§ =n x h, n is the unit normal to the surface of the body and
3 is the polarization vector for the incident magnetic field.

In view of Eguation (D3), Equation (D2} can be rewritten as

g2




S

where

V(D) = B0 (x)

If we Laplace invert the SEM simple-pole expansion
term is - o

n{2)

(2) - -1 Ma 1 oY (ct-2)
T2 =g ¢ =2 E—— vip) as (D4)
A(T Ya) _ 2m/[ Y-, _
s c

where CB is the Bromwich path. For times t>(z/c)

| Y (ct-z) ”
p{2) =[¢(£) u(t-z/c) e *  as

s

The pulse anefront has just passed the body at t=(L/c) + to-
and

Y ct P
(2 oo fw(-z) e % ds  tx(L/e) + t, . (D3)

The corresponding term for class 1 is
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th Y z+yct

l ‘ .
E RN 2m/‘[ U(r) dyds

Y.ct =Y. 2 .
ea[w(_:_:_)eads_ >t

S

and T(l) is identical to T(Z) in Equation (D53}.

For a general incident pulse

I = £(y) B(x) e T2
and
(2) _ 1 £yyey (68-2) L
T = Sul f[ = P () dyds
s Cp
vy, ct Yit-t,)e
(1y _ Ta" "o 1 - { ol -y z
T =e 21fifffme e % y(r) dyds
= =
s ¢

We see that the above expressions involve the product of £(y)

with another function of y and, consequently, the convolution

theorem can be employed. If we rewrite T(2) as
(2) _ 1 Yot
1'% = =5 | £() p(Y) ' ay
CB
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e“Yz |
ply) E.[Y‘Ya Y(x) ds
S..
then
£ .
r(2) =fF(t—r)' P(T) 4T S (D6)

-0

where F(t) and P(t) are the inverse Lapléce transforms of £(v)

and p(y) respectively. Similarly,_for T(l) we can write

mtly -1 yct

T ST £{y) gly) e dy
CB '
_ -yt
Y.ct o
a~o | e
g(y) = e ./. - Y (r) ds
Y Ya
S
. . L o .
p (1) =fF(t—1:) o(r) dr (D7)

The calculation for the delta function pulse showed that P(t)
is equal to Q(t) for t > (L/c) + t . We will now show that

T(z) given by Egquation { 6} is equal to T(l)

given by Equation
:D7) for t > (L/c) + T + tO where T is the pulse width (Fig. D1).
This is done simply by plotting the products F(t-t) P(7),

F(t-T) Q(1), and observing with the-aid of Figure D1 that

for t > (L/c) + T + to' T{z) and T(l) are indeed egual.

Notice that as T+« the SEM responses with class 1 and class 2
coupling coefficients are different for all times as noted

in Reference 1. - L o
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F{T)

T
Flt-T)
t<T
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t-T t T
F(t-1)
///—\\ £> T
t-T T t
P{T)

4

>

Figure D1.

\ _
s
;//ﬂQ(r)f

o

“/ t_ T T t
(L/c) + tO

The four graphs show how to plot the products
F(t-T) P(7) and F{t-7) Q(T). _
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APPENDIX E. MAGNETOSTATIC IMPLICATIONS OF
COUPLING COEFFICIENTS

In this appendlx we- calculate the static current density
induced on the surface of a perfectly conducting sphere immersed
in a homogeneous magnetlc field by calculating the c¢lass 2
SEM current density for a step function incident pulse as t-w.
This static response has the correct 6 and ¢ dependence, as
it sheuld, but an lncorrect numerical coeff1c1ent.

To facilitate: the analy51s we assume that the direction

inc
is in the

Y direction. This situation corresponds to a polarization

of propagation is in the z direction and that H

index p=2 with el=ezﬁ Z‘ex ez=ey (8l =0, ¢l-ﬂ) (Ref 12). Thus,
following Baum's notation and the results in Reference 12

n+l 2n+l

Cl'n'nr,l;OIQ (Q,H)l= {(~1)  RinEIv Dl,n,n'
“L,n,n',1,e,2 (07 =0
C2,n,n',i,o,2 (d’ﬂ) - Q

2 n,n' ,l e, 2 ;o,w)“= (-l)n+l H%%$%T DZ,n,n'

_!
where o,e stand for odd, even and'cnly'the m=1 terms are non-
zero. The class 2 coupling coefficients have been evaluated
in Reference 1.

R : '
Thned [Yalnwa)] /ya

- 1 r ' '
L:nent,m,c.p {[Yain(Ya)] /‘ra} R

Y=Yn,n'
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] : Y e & _ o .
iQ = % e m/n'T i (ya)

Cz,n;n_' ,m;_Or'P T Q ] o _.
. lh(Yn,nia)

mhus the current density induced on the surface of the sphere

is

e o' Y<Yn n'
. o 1
* nnrn ym,e,2 0 Qnrlre
o Y Yn;n'
o R
- (-1yn+1 2n+l eYn,n'a 1
n{n+l) :E: R a
n=1 nt Y Yn,n'
{[Yal (ya)]'/‘{a} ya -n,i1,0
n =
Y Yn,n'
0
Yn,n'? 1 (a/c) Py,n,n'
e 2 0
n’ (YﬂY 'n,)a n(Yn'n'a)
Xin(ya) Qn,lpe l | | (EL)

. 1
where f(y) is the Laplace transform of u(t), 1.e., et

To evaluate J(r,t) as t»® we employ the iimiting process

g8
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e

lim sE(s) = lim £(t)
B iR i AL

where ?(s)_is@the;Laplace-transfqrm of f£(t).  Thus we should . -
evaluate cyJ(r,y) as y»o.. We have . .

n _ a n 4 n+l . .
—Ya = 1, (va) + TYa T tnel (va) + Z2= 1 (ya)
and
lim i (ya} = 0 ' n>1
y+o -
0 n>1
. n+l
lim Ya 1n(Ya)<<:::2
Y+0O — . n=1
3
Thus
lim J(x,t) = lim cvyJ(x,¥Y)
bl = - Y+O
R
: a
-(a/c) Dy 1,0 eYl,o
= L R
R . . . R i K R . R —l,l,O
71,08 12(Y1,oa) F(2”1,0"“) l1(Y1,oa)
We have
(a/e) P1,1,0 = 1 Y1,0% = 71
!’
il(—l) = -il(l)= -.36788, 12(-1) = 12(1) = .07156
51'1,0 = =cos ¢ €4 +cos O sin ¢ e¢
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26"

@O)f |

lim J(z,t) = .45568(- cos$ &, + cos 6 sin ¢ &, Ly

t co

The correct response has a numerical coefficient equal to
1.5 instead of 0.45568. Since the SEM solution which
employs class 1 coupling coefficients is equivalent to the
Mie solution, the use of class 1 coupling coefficients must
yield the correct magnetostatic solution. ' '
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